This paper is concerned with an application of the boundary element method (BEM) using the dual reciprocity method (DRM) to analyze nonlinear transient heat conduction in anisotropic solids. In this study, because the fundamental solution of this problem has not previously been obtained, the concept (the analog equation method) proposed by Katsikadelis and Nerantzaki is applied. A standard linear partial differential operator, in which the fundamental solution can be obtained, can be extracted from a nonlinear partial differential equation. One can consider the remainder as a body force and solve the equation using DRM. Mathematical formulations of this approach for two-dimensional problems are presented in detail. Two schemes are discussed in this paper: The "isotropic" scheme, in which the operator of steady-state heat conduction in isotropic solids is extracted, and the "anisotropic" scheme, where the operator of the steady-state heat conduction in anisotropic solids is extracted. The proposed solution procedure is applied to a couple of typical examples, and the validity and other numerical properties of the proposed BEM are demonstrated through discussions of the results obtained. 
Introduction
The reduction of CO 2 emissions and the conservation of energy resources are the most important issues in environmental engineering. From the standpoint of mechanical engineering regarding these issues, the most effective method is thought to be the development of energy-efficient systems. Therefore, it is necessary to accurately solve heat conduction and heat transfer problems for such designs.
It has been reported in the authors' previous paper (1) that the homotopy boundary element method proposed by Liao and Chwang (2) can be applied to nonlinear transient heat conduction problems in anisotropic solids. Furthermore, the resulting domain integrals are transformed into boundary integrals (3) by the dual reciprocity method (DRM) (4) using radial basis functions (RBFs). This method can provide good solutions. The homotopy boundary element method is applied, because the fundamental solution of nonlinear transient heat conduction problems in anisotropic solids cannot be obtained.
On the other hand, a solution of a problem for which the fundamental solutions cannot be obtained has been calculated using the new boundary element method (BEM) proposed by Katsikadelis and Nerantzaki (5) . They have called this method the analog equation method (AEM). In AEM, the boundary integral equation is formulated by a standard linear partial differential operator, for example, the Laplacian, in which the fundamental solution is obtained, which can be extracted from a nonlinear partial differential equation for which the fundamental solution cannot be obtained. One can consider the remainder as a body force and solve the equation using DRM. The numerical results by AEM were shown for a few examples of second-order differential equations. Nonlinear transient heat conduction problems, however, have not been handled yet.
In this paper, we apply the AEM proposed by Katsikadelis and Nerantzaki to nonlinear transient heat conduction problems. Two schemes are discussed: The first scheme, in which the operator (the Laplacian) of steady-state heat conduction in isotropic solids is extracted from the governing differential equation; and the second scheme, in which the operator of steady-state heat conduction in anisotropic solids is extracted from the governing differential equation. The proposed solution procedure is applied to a few examples, and the usefulness of the proposed BEM is demonstrated through discussions of the results obtained.
Formulation

Governing differential equation
We shall consider two-dimensional nonlinear transient heat conduction in anisotropic solids . The governing differential equation is   11  12  21  22  1  1  1  2  2  1  2  2 ( )
where t is an arbitrary time, u is the temperature at time t and Q is the heat source.
It is assumed that the mass density ρ and the specific heat c are independent of temperature and that the thermal conductivities 11 
where the subscript 1 n + represents the variable at time 1 n t t + = , and hence the temperature and the heat source at
Here, λ is the thermal conductivity in isotropic solids. 
where the superscript i denotes isotropic solids. Equation (4) is approximated as
where N is the number of nodes, L is the number of inner points, 
We define a particular solution
Substituting Eq. (7) into Eq. (6),
The following boundary integral equation can be obtained by integrating Eq. (8) { } * * 1 1 1
Here, a denotes the shape coefficient depending on the geometry in which the source point y is located on the boundary. u + x z . Equation (9) indicates that the domain integral term resulting from the right-hand side of Eq. (3) is transformed into the boundary integral terms. Equation (9) in a matrix form becomes
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The unknown coefficient i α is calculated by the remainder, which is obtained by subtracting the linear differential operator from Eq. (3), and using an approximated function.
In this study, the following approximated function is used.
3
(1 ) (3 1), 1 ( , ) (11) 0, 1
Equation (11) is the compactly supported radial basis function (6) , (7) .
i j r is the distance between an observation point x and a DRM collocation point j z , which is divided by the product of the support radius, 1, of this function and the square root of thermal conductivity λ . 
Here, u is a constant temperature. The right-hand side of Eq. (15) 
where the superscript a denotes anisotropic solids. Equation (16) is approximated as
where N , L and j z are the same as those in the isotropic scheme, 
We define a particular solution 
Equation (20) is multiplied by the fundamental solution Integrating by parts, we finally obtain u + x z . Equation (21) indicates that all terms are transformed into boundary integrals, as in the isotropic scheme. Equation (21) in a matrix form becomes âˆ.
( 2 2 ) a a a a a a
The approximated function in Eq. (11) in the isotropic scheme uses the variable defined in Eq. (12). In the anisotropic scheme, however, the following variable is defined in consideration of the anisotropy.
( ) ( ) 22  2  11  22  12   1  2 2  2  2  11  22  12  12  1  2  2  22 22
The following function is used, as in the isotropic scheme. 
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Derivation of unknown coefficients
The formulation is described using the approximated function and the unknown coefficients to transform the domain integrals into the boundary integrals. We need to determine the unknown coefficients in the isotropic scheme and the anisotropic scheme to obtain the temperatures and the heat fluxes at the boundary.
In the isotropic scheme, applying Eqs. (4) and (5) 
As the approximated function ( , ) 
To determine the second derivative of temperature, the first derivative of temperature given in Eq. (39) is approximated as 
Applying Eqs. (40) and (44), we obtain the unknown coefficient 
Substituting Eq. (45) into Eq. (10) yields , ( 4 6 )
In the anisotropic scheme, we can obtain a similar equation to Eq. (46) using the isotropic scheme described above.
The computation needs to be repeated until the convergence is realized, because ( ) 
( 5 2 )
Numerical Results
Examples are computed by the proposed BEM to investigate its usefulness. Since the exact solutions of the two examples under consideration are not known, the present solutions using the isotropic scheme and the anisotropic scheme are investigated by comparison with FEM solutions. We use MSC.visualNastran for Windows for the FEM computation. Dimensionless numbers are used in these computations. Figure 1 shows the analysis model of a square plate. The whole boundary is divided into 20 quadratic elements, and 81 internal collocation points are uniformly located in the domain. The boundary condition and the initial conditions are as follows. Boundary condition: Table 1 shows the errors of temperature in the isotropic scheme and the anisotropic scheme. The error Er is defined as
Analysis case 1
where E is the total number of stepping times ( 50) E = and ( )
N j i u FEM
+ is the FEM solution in which the domain is equally divided into 100 quadratic elements. Then, we can preset the convergence criterion (9) for temperature; the convergence tolerance is 0.01 for the computation. Therefore, the FEM solution converges sufficiently, so that we conclude it is adequate for the error estimation. In this example, the errors when the constant temperatures u in the anisotropic scheme are 0 and 0.5 are smaller than other errors. Table 2 shows the total number of iterations required for the computation. The table shows that the total numbers of iterations in all schemes are relatively small. The CPU time is roughly proportional to the total number of iterations. Table 2 Total number of iterations iso aniso(0) aniso(0.5) aniso(1.0) 234 225 250 334 Figure 3 shows the analysis model of a square plate that is divided identically, as shown in Fig. 1 of analysis case 1 . The boundary conditions and the initial conditions are as follows. The quantities for the computation, the time intervals t ∆ and the other parameters are the same as those in analysis case 1. Figure 4 shows the temperature at 2 0.25 x = in the 1 x direction. Table 3 shows the errors of temperature. The error Er is defined by Eq. (60), as in analysis case 1. The errors for the anisotropic scheme are smaller than that for the isotropic scheme. Table 4 shows the total number of iterations. The table indicates that the total numbers of iterations in all schemes are relatively small, as in analysis case 1. 
Analysis case 2
Conclusion
Two-dimensional nonlinear transient heat conduction problems in anisotropic solids are analyzed by BEM using AEM originally proposed by Katsikadelis and Nerantzaki. The integral equation can be expressed in terms of only boundary integral terms using DRM with the standard fundamental solution and RBF. This means that we can analyze the above problems by the discretization of the boundary using conventional boundary elements and the arrangement of internal collocation points. Through computations of the examples based on these formulations, we have compared the solutions obtained using the isotropic scheme and the anisotropic scheme with FEM solutions. It is revealed that the present method can provide good solutions.
In this paper, we have studied nonlinear transient heat conduction in anisotropic solids and have indicated that this method is useful. As a future study, we may apply this method to other nonlinear problems, such as those involving plastic deformation.
